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COMPACTNESS OF COMPOSITION OPERATORS ON THE BERGMAN SPACE OF
BOUNDED PSEUDOCONVEX DOMAINS IN Cn
TIMOTHY G. CLOS
ABSTRACT. We study the compactness of composition operators on the Bergman spaces of
certain bounded pseudoconvex domains in Cn with non-trivial analytic disks contained in the
boundary. As a consequence we characterize that compactness of the composition operator
with a continuous symbol (up to the closure) on the Bergman space of the polydisk.
1. INTRODUCTION
LetΩ ⊂ Cn be a bounded convex domain. LetO(Ω) be the set of all holomorphic functions
from Ω into C. Let V be the Lebesgue volume measure on Ω. For p ∈ [1,∞) we define
Ap(Ω) := { f ∈ O(Ω) :
∫
Ω
| f |pdV < ∞}
to be the p-Bergman space. We denote the norm as
‖ f‖p,Ω :=
(∫
Ω
| f |pdV
) 1
p
.
This paper will consider the 2-Bergman space, which for brevity is denoted as the Bergman
space. Let φ : Ω → Ω be holomorphic on Ω. That is, holomorphic in each coordinate
function. Then we define the composition operator with symbol φ as
Cφ( f ) = f ◦ φ
for all f ∈ Ap(Ω). For Banach spaces X and Y, we say a linear operator T : X → Y is compact
if T({x ∈ X : ‖x‖ < 1}) is relatively compact in the norm topology on Y. If X is a Hilbert
space then we can characterize compactness of linear operator T : X → X in terms of weakly
convergent sequences. A set ∇ ⊂ Cn is called an analytic disk if there exists holomorphic
functions f j : D → C for j ∈ {1, 2, ..., n} and F(D) = ∇ where F = ( f1, ..., fn). If ∇ is not a
single point, then∇ is said to be a non-trivial or non-degenerate analytic disk. We define the
collection of all non-trivial analytic disks in bΩ to be
L :=
⋃
{F(D)| F : D → bΩ , holomorphic and non constant}.
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As we shall see, analytic structure in the boundary of the domain will play a crucial role
in the proof of the main result. The main theorem does not generalize easily to bounded
pseudoconvex domains because of the special geometry of non-degenerate analytic disks in
the boundary of the domain. Namely the following lemma states that on convex domains,
non-degenerate analytic disks have a nice form.
Lemma 1 ([Cˇc09]). Let Ω ⊂ Cn be a bounded convex domain. Let ∇ ⊂ bΩ be a non-degenerate
analytic disk. Then there exists a complex line V so that the convex hull of ∇ is contained in V.
The following definition is needed for the statement of the main result.
Definition 1. A bounded domain Ω ⊂ Cn satisfies the limit point disk condition if p ∈ L then there
exists a non-degenerate analytic disk∇p ⊂ bΩ so that p ∈ ∇p.
2. SOME BACKGROUND AND MAIN RESULTS
Compactness of composition operators was studied on the unit disk in D in the article
[CEGY98]. Here, the authors of [CEGY98] study the angular derivative of the symbol near
the boundary and obtain a compactness result. They then construct a counterexample to
show that the converse of their theorem does not hold true. The authors of [AGT10] studied
the closed range property of composition operators on the unit disk. Work on essential norm
estimates and compactness of composition operators was studied on the ball in Cn and on the
unit disk in C by [CM95] and [HMW11]. On more general bounded strongly pseudoconvex
domains in Cn, [CˇZ07] studied the essential norm of the composition operator in terms of the
behavior of the norm of the normalized Bergman kernel composed with the symbol.
In the work [Zhu07], Zhu uses the normalized Bergman kernel as a weakly convergent se-
quence. Since these can be explicitly computed on the ball, this results in a non-trivial char-
acterization of compactness. Zhu in [Zhu07] also extends these results to bounded strongly
pseudoconvex domains. In the absence of such explicit Bergman kernels (on general bounded
convex domains), we construct weakly convergent sequences using the convexity of the do-
main in a significant way, and use estimates on the normalized Bergman kernel near strongly
pseudoconvex points. Here, Kz denotes the Bergman kernel of Ω, V is the Lebesgue vol-
ume measure, and B(z, r) are Euclidean balls centered at z with radius r. The following two
thereoms are the main results. This first result states that if Cφ is compact, Ω is convex, and
φ ∈ C(Ω) then φ(bΩ) stays away from L.
Theorem 1. Let Ω ⊂ Cn be a bounded convex domain satisfying the limit point disk condition. Let
φ : Ω → Ω be a holomorphic self map, φ ∈ C(Ω), and suppose Cφ is compact on A2(Ω). Then,
d(φ(bΩ),L) > 0.
3Here, d(.,L) is the Euclidean distance to L. This next theorem gives us an estimate on how
fast ‖Kφ(ζ)‖ goes to infinity as φ(ζ) → bΩ, assuming Cφ is compact on A
2(Ω). Intuitively, it
states that the volume V(B(ζ, rζ )) goes to zero faster than ‖Kφ(ζ)‖
2 goes to infinity.
Theorem 2. Let Ω ⊂ Cn be a smooth bounded pseudoconvex domain. Let φ : Ω → Ω be a
holomorphic self-map. If Cφ is compact on A
2(Ω), then for every p ∈ bΩ,
lim
ζ∈Ω ,ζ→p
‖Kφ(ζ)‖L2(Ω)(V(B(ζ, rζ )))
1
2 = 0.
For any rζ > 0, rζ → 0 as ζ → bΩ, and B(ζ, rζ) ⊂ Ω.
Remark 1. In the case where Ω is smooth, bounded, and strongly pseudoconvex, we can use Theorem
2 to recover the following theorem seen in [Zhu07].
Theorem 3 ([Zhu07]). Let Ω ⊂ Cn be a smooth bounded strongly pseudoconvex domain. Let
φ : Ω → Ω be a holomorphic self-map, φ(z1, ...zn) = (φ1(z1, ..., zn), ..., φn(z1, ..., zn)). Suppose Cφ
is compact on A2(Ω), and p ∈ bΩ. Then the angular derivative does not exist at p. That is,
lim
ζ∈Ω ,ζ→p
d(ζ, bΩ)
d(φ(ζ), bΩ)
= 0.
Here, d(., bΩ) is distance to the boundary.
Proof. Assuming compactness of Cφ, we have, by Theorem 2,
lim
ζ∈Ω ,ζ→p
‖Kφ(ζ)‖L2(Ω)(V(B(ζ, rζ )))
1
2 = 0.
Since Ω is strongly pseudoconvex, V(B(ζ, r)) → 0 as ζ → bΩ where B(ζ, r) are Bergman
metric balls centered at ζ with radius r. That is, these Bergman metric balls ’shrink’ as the
center gets closer to the boundary. Then by strong pseudoconvexity, we have
d(ζ, bΩ)n+1 ≈ V(B(ζ, r)) ≤ V(B(ζ, rζ ))
for some r > 0 sufficiently small. Furthermore,
‖Kφ(ζ)‖
2
L2(Ω) ≈ d(φ(ζ), bΩ)
−(n+1) .
Thus
lim
ζ∈Ω ,ζ→p
(
d(ζ, bΩ)
d(φ(ζ), bΩ)
) n+1
2
= lim
ζ∈Ω ,ζ→p
‖Kφ(ζ)‖L2(Ω)(V(B(ζ, rζ )))
1
2 = 0.

The following is a corollary of Theorem 1 and Proposition 2 and concerns the n-product of
disks.
Corollary 1. Let Dn be the polydisk in Cn. Suppose φ ∈ C(Ω) and φ : Dn → Dn is a holomorphic
self map. Then Cφ is compact if and only if φ(D
n) is relatively compact in Dn.
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If we assume that the domain is smooth, bounded, convex, and with a certain boundary
condition controlling weakly pseudoconvex points, we can get a partial generalization of
[Zhu07]. That is, we have the following corollary, which is a consequence of Theorem 1 and
Theorem 3.
Corollary 2. Let Ω ⊂ Cn be a smooth bounded convex domain so that
{(z1, ..., zn) ∈ bΩ : (z1, ..., zn) ∈ weakly pseudoconvex} = L.
Let φ(z1, ..., zn) : Ω → Ω be a holomorphic self map and suppose φ ∈ C(Ω) (that is, each component
function is continuous up to the closure of the domain). If Cφ is compact on A
2(Ω) and p ∈ bΩ is a
strongly pseudoconvex point, then the angular derivative of φ does not exist at p. That is,
lim
ζ∈Ω ,ζ→p
d(ζ, bΩ)
d(φ(ζ), bΩ)
= 0.
Proof. Without loss of generality, we may assume φ(p) ∈ bΩ, otherwise the conclusion of the
corollary is trivial. By Theorem 1 and our assumption that
{(z1, ..., zn) ∈ bΩ : (z1, ..., zn) ∈ weakly pseudoconvex} = L,
φ(p) is in the strongly pseudoconvex part of the boundary. Thus following the proof of
Theorem 3 and using the estimates for the volume of Bergman metric balls near strongly
pseudoconvex points, we have our result.

One crucial result used is the following proposition seen in [Tik15].
Proposition 1 ([Tik15]). Let Ω be a smooth bounded pseudoconvex domain. Then the normalized
Bergman kernel kΩζ → 0 weakly in A
2(Ω) as ζ → bΩ.
3. PRELIMINARIES
First we show that compactness of composition operators is invariant under biholomor-
phisms.
Lemma 2. Let Ω1,Ω2 ⊂ C
n for n ≥ 2 be bounded pseudoconvex domains. Furthermore, assume
there exists a biholomorphism B : Ω1 → Ω2 so that B ∈ C
1(Ω1). Suppose φ := (φ1, φ2, ..., φn) :
Ω2 → Ω2 is such that the composition operator Cφ is compact on A
2(Ω2). Then, CB−1◦φ◦B is compact
on A2(Ω1).
Proof. Let gj ∈ A
2(Ω1) so that gj → 0 weakly as j → ∞. We will use the fact that gj → 0
weakly in A2(Ω1) as j → ∞ if and only if ‖gj‖ is a bounded sequence in j and gj → 0
uniformly on compact subsets of Ω1. This fact appears as [CˇZ07, lemma 3.5]. Therefore,
‖gj‖ is uniformly bounded in j and gj → 0 uniformly on compact subsets of Ω1. Then define
5hj := gj ◦ B
−1 ∈ A2(Ω2). Then using a change of coordinates, one can show ‖hj‖ is uniformly
bounded in j and hj → 0 uniformly on compact subsets of Ω2. Therefore, by [CˇZ07, lemma
3.5], hj → 0 weakly as j → ∞. Then we have,
‖CB−1◦φ◦B(gj)‖
2
2,Ω1
= ‖hj ◦ φ ◦ B‖
2
2,Ω1
≤ sup{|J(B−1)(z)|2 : z ∈ Ω2}‖Cφ(hj)‖
2
2,Ω2
This shows that CB−1◦φ◦B is compact on A
2(Ω1).

Proposition 2. Let Ω ⊂ Cn be a bounded pseudoconvex domain. Suppose φ is a holomorphic self-
map on Ω so that φ(Ω) ⊂ Ω. Then Cφ is compact on A
2(Ω).
Proof. To prove compactness of Cφ, it suffices to show that the image of a weakly convergent
sequence in A2(Ω) is strongly convergent. Let {gj}j∈N ⊂ A
2(Ω) converge to 0 weakly as
j → ∞. Then by [CˇZ07, lemma 3.5], ‖gj‖L2(Ω) is bounded and gj → 0 uniformly on compact
subsets of Ω. We let ν := V ◦φ−1 be the pullbackmeasure. Since φ(Ω) is compactly contained
in Ω, there exists a compact set Ω˜ ⊂ Ω so that the support of ν is contained in Ω˜. Thus∫
Ω
|gj ◦ φ|
2dV =
∫
Ω
|gj|
2dν =
∫
Ω˜
|gj|
2dν.
Since Ω˜ is compact and gj → 0 uniformly on Ω˜ as j → ∞, we have that Cφgj → 0 as j → ∞
in norm.

4. PROOF OF MAIN RESULTS
Proof of Theorem 1. One implication for Theorem 2 is entirely contained in Proposition 2. There-
fore, it suffices to assume Cφ is compact on A
2(Ω) and φ−1(bΩ) 6= ∅. Let p ∈ φ−1(bΩ). The
first claim is that φ(p) cannot be contained in a non-trivial analytic disk in bΩ. For the sake of
obtaining a contradiction, suppose φ(p) ∈ ∇ ⊂ bΩ for some non-degenerate analytic disk∇.
Furthermore, by the convexity of Ω, we may assume φ(p) = (0, 0, ..., 0), ∇ ⊂ {Re(zn) = 0},
and Ω ⊂ {Re(zn) > 0}. Since Ω satisfies the limit point disk condition, we may assume there
exists a non-degenerate analytic disk ∇ ⊂ bΩ and p ∈ ∇. Then, by Lemma 1, ∇ ⊂ L for
some complex line L. Then we construct gj as in [CC¸S¸18, Proof of Theorem 2]. That is, by ro-
tating and translating the domain, we may assume q = (0, 0, 0, ..., 0) and Ω ⊂ {Re(zn) > 0}
and L ⊂ {Re(zn) > 0}. Then for δj > 0 and δj → 0 as j→ ∞, we define
gj(z1, ..., zn) :=
1(
zn − iδj
)n .
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Then by [CC¸S¸18, Proof of Theorem 2], gj → 0 weakly in A
2(Ω) as j → ∞ and for every open
neighbourhood U of (0, 0, ..., 0) there exists α > 0 so that ‖gj‖L2(U∩Ω) ≥ α. One can see this
via a continuity argument. We let ε > 0 be sufficiently small and let dVφ be the pullback
measure associated with φ. Then for
gj(z1, ..., zn) := (zn − iδj)
−n
we have, ∫
Ω
|gj ◦ φ|
2dV =
∫
Ω
|gj|
2dVφ ≥
∫
Ω∩Dnε
|gj|
2dVφ
≥
∫
Ω∩Dnε
(ε + δj)
−2ndVφ ≥
∫
Ω∩φ−1(Dnε )
(ε + δj)
−2ndV ≥ M > 0
This contradicts the compactness of Cφ. Therefore, φ(p) cannot be contained in the closure
of a non-degenerate analytic disk. 
Proof of Theorem 2. Let pj ∈ Ω and pj → p ∈ bΩ as j → ∞. Also, choose rj > 0 so that rj → 0
as j → ∞ and B(pj, rj) ⊂ Ω for all j ∈ N. Without loss of generality, we may also assume
φ(pj) → bΩ as j → ∞. We have, using the Mean Value theorem for holomorphic functions
and the Cauchy-Schwartz inequality,
1 =
1
‖Kφ(pj)‖
2
Kφ(pj)(φ(pj))
≤
1
‖Kφ(pj)‖
2
1
V(B(pj, rj))
∫
D(pj,rj)
|Kφ(pj)(φ(w))|dV(w)
≤
1
‖Kφ(pj)‖
2
1
V(B(pj, rj))
(∫
D(pj,rj)
|Kφ(pj)(φ(w))|
2dV(w)
) 1
2
(V(B(pj , rj)))
1
2
Thus rearranging we have
‖Kφ(pj)‖(V(B(pj , rj)))
1
2 ≤
(∫
D(pj ,rj)
|kφ(pj)(φ(w))|
2dV(w)
) 1
2
.
Then by Proposition 1 and the compactness of Cφ, we have our conclusion.

It would be interesting say whether these techniques generalize to symbols of less regu-
larity. For instance, one can try to relate compactness of composition operators to angular
derivative (see [Zhu07]) of symbols on bounded convex domains.
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